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Abstract 



In this paper, we first investigate the geometry of the orbits of the isotropy action 
of a semi-simple pseudo-Riemannian symmetric space by investigating the complexi- 
fied action. Next we investigate the geometry of the orbits of a Hermann type action 
V^ ' on a semi-simple pseudo-Riemannian symmetric space. By considering two special 

^*\ , Hermann type actions on a semi-simple pseudo-Riemannian symmetric space, we rec- 

ognize an interesting structure of the space. As a special case, we we recognize an 
interesting structure of the complexification of a semi-simple pseudo-Riemannian sym- 
•^ ' metric space. Also, we investigate a homogeneous submanifold with flat section in a 

pseudo-Riemannian symmmtric space under certain conditions. 



^ '. 1 Introduction 

^: 

^D ■ In Rieinannian symmetric spaces, the notion of an equifocal submanifold was introduced 

by Terng-Thorbergsson in [36]. This notion is defined as a compact submanifold with 
^__^ ^ flat section such that the normal holonomy group is trivial and that the focal radius 

(^ ■ functions for each parallel normal vector field are constant. However, the condition of the 

OO , equifocality is rather weak in the case where the Riemannian symmetric spaces are of non- 

^-^ ' compact type and the submanifold is non-compact. So we [17,18] have recently introduced 

the notion of a complex equifocal submanifold in a Riemannian symmetric space G/K of 
^ , non-compact type. This notion is defined by imposing the constancy of the complex 

H I focal radius functions in more general. Here we note that the complex focal radii are the 

quantities indicating the positions of the focal points of the extrinsic complexification of 
the submanifold, where the submanifold needs to be assumed to be complete and of class 
C"^ (i.e., real analytic). On the other hand, Heintze-Liu-Olmos [13] has recently defined 
the notion of an isoparametric submanifold with flat section in a general Riemannian 
manifold as a submanifold such that the normal holonomy group is trivial, its sufficiently 
close parallel submanifolds are of constant mean curvature with respect to the radial 
direction and that the image of the normal space at each point by the normal exponential 
map is flat and totally geodesic. We [18] showed the following fact: 

All isoparametric submanifolds with Eat section in a Riemannian symmetric space G/K 
of non-compact type are complex equifocal and that conversely, all curvature-adapted and 
complex equifocal submanifolds are isoparametric ones with flat section. 

Here the curvature-adaptedness means that, for each normal vector v of the submanifold, 
the Jacobi operator R{-,v)v preserves the tangent space of the submanifold invariantly 



and the restriction of R{-,v)v to the tangent space commutes with the shape operator 
Ay, where R is the curvature tensor of G/K. Note that curvature-adapted hypersur- 
faces in a complex hyperboHc space (and a complex projective space) mean so-called Hopf 
hypersurfaces and that curvature-adapted complex equifocal hypersurfaces in the space 
mean Hopf hypersurfaces with constant principal curvatures, which are classified by J. 
Berndt [2]. Also, he [3] classified curvature-adapted hypersurfaces with constant principal 
curvatures (i.e., curvature-adpated complex equifocal hypersurfaces) in the quaternionic 
hyperbolic space. As a subclass of the class of complex equifocal submanifolds, we [19] de- 
fined the notion of a proper complex equifocal submanifold in G/K as a complex equifocal 
submanifold whose lifted submanifold to -ff''([0, 1],0) (g := LieG) through some pseudo- 
Riemannian submersion of H^{\^, 1])0) onto G/K is proper complex isoparametric in the 
sense of [17], where we note that H^{\}}, 1], fl) is a pseudo-Hilbert space consisting of certain 
kind of paths in the Lie algebra g of G. For a C^-submanifold M, we [18] showed that 
M is proper complex equifocal if and only if the lift of the complexification M^ (which 
is a submanifold in the anti-Kaehlerian symmetric space G^/K^) of M to H^{[0,1],q''^) 
(g*^ := LieG^) by some anti-Kaehlerian submersion of H^{[0, l],g^) onto G'^/K'^ is proper 
anti-Kaehlerian isoparametric in the sense of [18]. This fact implies that a proper com- 
plex equifocal submanifold is a complex equifocal submanifold whose complexification has 
regular focal structure. Let G/K be a Riemannian symmetric space of non-compact type 
and H he a closed subgroup of G. If the i7-action is proper and there exists a complete 
embedded fiat submanifold meeting all i7-orbits orthogonally, then it is called a complex 
hyperpolar action. Principal orbits of a complex hyperpolar action are complex equifocal. 
If if is a symmetric subgroup of G (i.e., (Fix(T)o C H C Fixer for some involution a of G), 
then the ii^-action is called a Hermann type action, where Fix a is the fixed point group of 
a and (Fixcr)o is the identity component of the group. Hermann type actions are complex 
hyperpolar. We ([18,19]) showed the following fact: 

Principal orbits of a Hermann type action are curvature-adapted and proper complex 
equifocal. 

Similarly, we can define the notions of a complex equifocal submanifold, proper complex 
equifocal one and a curvature-adapted one in a pseudo-Riemannian symmetric space (see 
Section 2). Also, we can define the notions of a complex hyperpolar action and a Hermann 
type action on a pseudo-Riemannian symmetric space. We [23] showed the following fact: 

All isoparametric submanifolds with fiat section in a pseudo-Riemannian symmetric 
space G/K are complex equifocal. Conversely all curvature-adapted complex equifocal 
submanifolds such that A and R{-,v)v are semi-simple for any normal vector v are isopara- 
metric ones with flat section, where Ay is the shape operator and R is the curvature tensor 
of G/K and the semi-simplenesses of A^ and R{-,v)v mean that their complexifications 
are diagonalizable. 

L. Geatti and C. Gorodski [9] has recently showed that a polar representation of a 
real reductive algebraic group on a pseudo-Eucliean space has the same closed orbits 
as the isotropy representation (i.e., the linear isotropy action) of a pseudo-Riemannian 
symmetric space (see Theorem 1 of [9]). Also, they showed that the principal orbits of 
the polar representation through a semi-simple element (i.e., the orbit through a regular 
element (in the sense of [9])) is an isoparametric submanifold by investigating the com- 



plexified representation (see Theorem 11 (also Example 12) of [9]), where an isoparametric 
submanifold means a pseudo-Riemannian submanifold such that the (restricted) normal 
holonomy group is trivial and that the shape operator for each (local) parallel normal vec- 
tor field is semi-simple and has constant complex principal curvature. All isoparametric 
submanifold in this sense are isoparametric ones (with flat section) in the sense of [13]. Let 
G/H be a (semi-simple) pseudo-Riemannian symmetric space (equipped with the metric 
( , ) induced from the Killing form of the Lie algebra g of G). In this paper, we first 
investigate the complexified shape operators of the orbits of the isotropy action of G/H 
(i.e., the //-action on G/H) by investigating the orbits of the isotropy action of G'^ /H'^ 
(see Section 3). Next, by using the investigation, we prove the following fact for the orbits 
of Hermann type action. 

Theorem A. Let G/H be a (semi-simple) pseudo-Riemannian symmetric space, H' be a 
symmetric subgroup of G, a (resp. a') be an involution of G with (Fixo-)o C H C Fixo" 
(resp. (Fixa')o C H' C F'lxa'), L := (Fix(o" o cj'))o and I := LieL. Assume that G is not 
compact and a o a' = a' o a. Then the following statements (i) and (ii) hold: 

(i) The orbit H'{eH) of the H' -action on G/H is a reflective pseudo-Riemannian 
submanifold and it is homothetic to the semi-simple pseudo-Riemannian symmetric space 
H' /H n H' . For each x G H'{eH), the section Y^x of H'{eH) through x is homothetic to 
the semi-simple pseudo-Riemannian symmetric space L/H n H' . 

(ii) Let M be a principal orbit of the H' -action through a point expQ{w)H (w £ qDq' 
s.t. ad{w)\i -.semi-simple) of T,eH \ F, where q := Ker((T + id)(= TeniG/H)), q' := 
Ker((T' + id) and F is a focal set of H'{eH). Then M is curvature-adapted and proper 
complex equifocal, for any normal vector v of M, R{-,v)v and the shape operator Ay are 
semi-simple. Hence it is an isoparametric submanifold with flat section. 

Remark 1.1. (i) Since U (H' f] H)(expQ(w)H) is an open dense 

w^c\r\q' s.t. ad(«)) I [iscmi— simple 

subset of L{eH), it is shown that 

, , U . . H'{expa{w)H) 

w£qnq' s.t. ad(ui) I (iscmi— simple 

is an open dense subset of G/H. 

(ii) It is shown that, if M is a curvature-adapted complex equifocal submanifold and, 
for any normal vector v of M, R(-,v)v and A^ are semi-simple, then it is an isoparametric 
submanifold with flat section (see Proposition 9.1 of [23]). 

(iii) When we take a Riemannian symmetric space of non-compact type as G/H in 
this theorem, we have U S^ = G/H and F = 0. 

x£H'(eH) 

L. Geatti [8] has recently defined a pseudo-Kaehlerian structure on some G-invariant 
domain of the complexification G^ /H^ of a semi-simple pseudo-Riemannian symmetric 
space G/H. On the other hand, we [23] have recently defined an anti-Kaehlerian structure 
on the whole of the complexification G'^ / H'^. By applying Theorem A to the complex- 
ification G'^ / H'^ (equipped with the natural anti-Kaehlerian structure) of a semi-simple 
pseudo-Riemannian symmetric space G/H and a symmetric subgroup G of G^, we rec- 
ognize an interesting structure of G'^ /H'^. Here we note that an involution a of G'^ with 



(Fixcj)o C H'^ C Fixer and the conjugation r of G^ with respect to G are commutative. 
In this case, the group corresponding to L in the statement of Theorem A is the dual G*^ 
of G with respect to H. Hence we have the following fact. 
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Fig. 1. 

Corollary B. Let G^/H^ and G*^ be as above. Then the foUowing statements (i) and 
(ii) hold: 

(i) The orbit G{eH'^) is a reflective pseudo-Riemannian submanifold and it is ho- 
mothetic to the pseudo-Riemannian symmetric space G/H. For each x G G{eH^), the 
section J^x oiG{eH'^) through x is homothetic to the pseudo-Riemannian symmetric space 
G*"/H. 

(ii) For principal orbits of the G-action on G^/H^, the same fact as the statement (ii) 
of Theorem A holds. 

By considering two special Hermann type actions on a semi-simple pseudo-Riemannian 
symmetric space, we obtain the following interesting fact for the structure of the semi- 
simple pseudo-Riemannian symmetric space. 



Theorem C. Let G/H and a be as in Theorem A, 9 the Cartan involution of G with 
6 o a = a o 0, K := (Fix^)o and L := (Fix(cj o 9))q. Then the following statements (i) and 
(ii) hold: 

(i) The orbits K{eH) and L{eH) are reflective submanifolds satisfying TgniG/H) = 
T(,H{K{eH)) © TeH{L{eH)) (orthogonal direct sum), K{eH) is anti-homothetic to the 



Riemannian symmetric space K/H n K of compact type and L{eH) is homothetic to the 
Riemannian symmetric space L/H f] K of non-compact type. Also, the orhit K{eH) has 
no focal point. 

(ii) Let Ml he a principal orhit of the K-action and M2 he a principal orhit of the 
L-action through a point of K{eH) \ F, where F is the focal set of L{eH). Then Mj 
(i = 1, 2j are curvature- adapted and proper complex equifocal, for any normal vector v of 
Mi, R{-,v)v\t^m^ (x : the base point of v) and the shape operator Ay are diagonalizable. 
Hence they are isoparametric submanifolds with flat section. 

Remark 1.2. For any involution a of G, the existence of a Cartan involution 9 of G with 
9oa = ao8is assured by Lemma 10.2 in [1]. 
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Fig. 2. 

By applying Theorem C to the complexification G^/H'^ (equipped with the natural 
anti-Kaehlerian structure) of a semi-simple pseudo-Riemannian symmetric space G/H, we 
recognize the interesting structure of G^/H^. In this case, the groups corresponding to 
K, L and H f] K m the statement of Theroem C are as follows. Let a be an involution of 
G with (Fixo")o C H C Fixer, ^ be a Cartan involution of G commuting with a and set 
Kff := Fix^. Let G* be the compact dual of G with respect to Kg, H* be the compact 
dual of H with respect to HHKq and {G'^, H'^) be the dual of semi-simple symmetric pair 
{G,H) in the sense of [26]. Then G* , G and H* correspond to K, L and H r\ K m. the 
statement of Theorem C, respectively. Hence we have the following fact. 



Corollary D. Let G'^ /H'^ he the complexification (equipped with the natural anti-Kaehlerian 
structure) of a semi-simple pseudo-Riemannian symmetric space G/H, G* (resp. H*) he 
the compact dual of G (resp. H) and {G'^, H'^) be the dual of {G, H). Then the following 
statements (i) and (ii) hold: 

(i) The orbits G*(eH^) and G'^{eH^) are reflective submanifolds of G^ /H^ satisfying 
TeH-iG'' / H'') = TeH-{G*{eH'')) ® TeH-{G'^{eH'')) (orthogonal direct sum), G*(eH'') is 
anti-homothetic to the Riemannian symmetric space G* / H* of compact type and G (eH^) 
is homothetic to the Riemannian symmetric space G'^/H* of non-compact type. Also, the 
orbit G*{eH^) has no focal point. 



(ii) For principal orbits of the G* -action and G -action on G^/H'^, the same fact as 
the statement (ii) of Theorem C holds. 

Remark 1.3. In the case where G/H in the statement of Corohary D is a Riemannian 
symmetric space of non-compact type, we have G = G. 

Homogeneous submanifolds with flat section in a pseudo- Riemannian symmetric space 
are complex equifocal. We obtain the following fact for a homogeneous submanifold with 
flat section in a semi-simple pseudo-Riemannian symmetric space which admits a reflec- 
tive focal submanifold, where a reflective submanifold means a totally geodesic pseudo- 
Riemannian submanifold with section. 

Theorem E. Let M be a homogeneous submanifold with Eat section in a semi-simple 
pseudo-Riemannian symmetric space G/H . Assume that M admits a reflective focal 
submanifold F such that nt^{g~^TgHF) is a non-degenerate subspace of I), where gH is an 
arbitrary point of F and ntj{g^^TgHF) is the normalizer of g~^TgHF in \). Then M is a 
principal orbit of a Hermann type action. 

Remark I.4. (i) For the i/'-action in Theorem A, we have n^{TeH{H' {eH))) = nfj(qnf)') = 
f) n [)' + 3fjnq'(l ^ ^')i where 3[jnq'(l ^ ^') is the centralizer of q n fj' in [) n q'. Hence, if 
3[)nq'(l'^ h') — {0}) then n^{T(,H{H' {eH))) is a non-degenerate subspace of \). Thus almost 
all principal orbits of the ff'-action have H'{eH) as a reflective focal submanifold as in 
the statement of Theorem E. 

(ii) For the iT-action in Theorem C, we have nij{TeHiK{eH))) = n[,(q n f) = i) Of -\- 
3(,np(q n f). Hence, n[,{TeHiK{eH))) is a non-degenerate subspace of \). Similarly, for the 
L-action in Theorem C, it is shown that n(j(Tej:/(L(ei7))) is a non-degenerate subspace of 
t). Thus almost all principal orbits of the i^-action (resp. the L-action) have K{eH) (resp. 
L{eH)) as a reflective focal submanifold as in the statement of Theorem E. 

2 New notions in a pseudo-Riemannian symmetric space 

In this section, we shall define new notions in a (semi-simple) pseudo-Riemannian symmet- 
ric space, which are analogies of notions in a Riemannian symmetric space of non-compact 
type defined in [18]. Let M be an immersed pseudo-Riemannian submanifold with flat 
section (that, is, g^^T^M is abelian for any x = gH G M) in a (semi-simple) pseudo- 
Riemannian symmetric space A^ = G/H (equipped with the metric induced from the 
Killing form of g := LieG), where T^M is the normal space of M at x. Denote by A the 
shape tensor of M. Let v G T^M and X G T^M (x = gK), where TxM is the tangent 
space of M at x. Denote by 7^ the geodesic in N with 7t,(0) = v, where 7t,(0) is the 
velocity vector of 7^ at 0. The strongly M-Jacobi field Y along 7^, with 1^(0) = X (hence 
y'(0) = -A^X) is given by 

(2.1) Yis) = (P,„|,„_^j o {DZ - sDt o A))(A), 



where Y'{0) = V^Y (V : the Levi-Civita connection of N), P'yj,^. is the parallel trans- 
lation along 7t;|[o,s] and D^" (resp. D^l) is given by 

Dsv = a*° cos(\/^ad(s5~^t;)) o g-'^ 
resp. DZ = 9*o ^;_ ^ ^* /^ og/ 



Here ad is the adjoint representation of the Lie algebra g. All focal radii of M along 7^, are 
obtained as real numbers sq with Ker(D^°^ — soDf^^ o Ay) / {0}. So, we call a complex 
number zq with Ker(L'^°^ — zoDf^^ o A'^) 7^ {0} a complex focal radius of M along 7^, and 
call dimKer(L'2°„ — z^Df^^ o A^) the multiplicity of the complex focal radius zQ) where A'^ 
is the complexification of A^ and -0^°^ (resp. Df ) is a C-linear transformation of (T^NY 
defined by 

DZ = at o cos(^/^ad^(zo5=r'«)) o {g^X^ 



V-lad (^05* ^) 

where (7J (resp. ad^) is the complexification of 5* (resp. ad). Here we note that, in the case 
where M is of class C^, complex focal radii along 7^, indicate the positions of focal points 
of the (extrinsic) complexification M'^{^^ C^ /H^) of M along the complexified geodesic 
7f^^. Here C^ /H^ is the pseudo-Riemannian symmetric space equipped with the metric 
induced from the Killing form of q^ regarded as a real Lie algebra (which is called the anti- 
Kaehlerian symm,etric space associated with G/H), M^ and the complexified immersion of 
M^ into G^ /H^ are defined as in [23] and i is the natural embedding of G/H into G^ /H^. 
Furthermore, assume that the normal holonomy group of M is trivial. Let i; be a parallel 
unit normal vector field of M. Assume that the number (which may be and 00) of 
distinct complex focal radii along 7^;^ is independent of the choice of x G M. Furthermore 
assume that the number is not equal to 0. Let {ri^x U = !> 2, • • • } be the set of all complex 
focal radii along 7^^, where |rj,^| < \ri+i^x\ or "\ri^x\ = ki+i,x| & Rerj^a, > Rerj+i,^" or 
"kj,x| = \ri+i,x\ & Rerj^a: = Rerj+i,^ & Imr,,^ = -Ivciri+i^x < 0". Let r^ (i = 1,2, •••) 
be complex valued functions on M defined by assigning Vi^x to each x G M. We call these 
functions rj {i = 1, 2, • • • ) complex focal radius functions for v. We call riV a complex 
focal normal vector field for v. If, for each parallel unit normal vector field v of M, the 
number of distinct complex focal radii along 7^;^ is independent of the choice of x G M, 
each complex focal radius function for v is constant on M and it has constant multiplicity, 
then we call M a complex equifocal submanifold. Also, if parallel submanifolds sufficiently 
close to M has constant mean curvature with respect to the radial direction, then we 
call M an isoparametric submanifold with flat section. It is shown that all isoparametric 
submanifolds with flat section are complex equifocal and that, conversely, all curvature- 
adapted complex equifocal submanifold with complex diagonalizable shape operators and 
Jacobi operators are isoparametric submanifolds with flat section (see Theorem 9.1 of 
[23]). 

Let N = G/H be a (semi-simple) pseudo-Riemannian symmetric space and vr be the 
natural projection of G onto G/H. Let a be an involution of G with (Fix cj)o C H C Fix a 
and denote by the same symbol a the involution of q := LieG. Let I) := {X £ q \ cr^X) = 
X} and q := {X G q \ cr{X) = —X}, which is identified with the tangent space T^hX . 
Let ( , ) be the Killing form of G. Denote by the same symbol ( , ) both the bi-invariant 



pseudo-Riemannian metric of G induced from ( , ) and the pseudo-Riemannian metric of 
N induced from ( , ). Let be a Cartan involution of G with 6 oa = a 06. Denote by the 
same symbol 9 the involution of g induced from 9. Let f := {X £ q \ 9{X) = X} and p := 
{X e q\ 9{X) = -X}. From 6*00- = 0-06', it follows that f) = [)nf+f)np and q = qnf+qnp. 
Set 0+ := p, 0_ := f and ( , )g^ := -vr*_( , ) + 7r*^( , ), where 7r0_ (resp. tt^^) is the 
projection of g onto g_ (resp. 0+). Let H^{[0, 1], 0) be the space of all L^-integrable paths 
u : [0, 1] ^ (with respect to ( , )g_|_). It is shown that {H^{[0, 1],0), ( , )o) is a pseudo- 
Hilbert space. Let H^{[0, 1], G) be the Hilbert Lie group of all absolutely continuous paths 
g : [0,1] ^ G such that the weak derivative g' of g is squared integrable (with respect to 
( , )0±), that is, g-^g' G H''{[0, 1],q). Define a map </> : H''{[0,l],s) ^ G by (^{u) = ff„(l) 
{u £ H^{[0,1],q)), where gu is the element of H^{[0,1],G) satisfying 5^(0) = e and 
9u*9'u — ^- We call this map the parallel transport map (from to 1). This submersion 
(p IS a pseudo-Riemannian submersion of {H^{[0,l],g), { , )o) onto (G, { , )). Denote by 
0^, f)'^,q^,f'^,p'^ and ( , )^ the complexifications of 0, f), q, f, p and ( , ). Set 0*5^ := \/^f + p 
and 0^ := f + V^p. Set (,)':= 2Re( , )- and ( , );c^ := -^^c ( , )' + 7r;c^( , )', where 

TTgc^ (resp. TTgc ) is the projection of 0*^ onto 0^ (resp. 0^). Let H^{[0,1],q'^) be the 
space of all L^-integrable paths u : [0,1] — > 0*^ (with respect to ( , )'c ). Define a non- 
degenerate symmetric bilinear form ( , )q of H^{[0,1],q'^) by {u,v)'q := f^ {u{t),v{t))'dt. 
It is shown that {H^{[0, 1], 0*^), ( , )q) is an infinite dimensional anti-Kaehlerian space. See 
[18] about the definition of an infinite dimensional anti-Kaehlerian space. In similar to (p, 
the parallel transport map 0*^ : iJ^([0, 1],0'') -^ G'^ for G'^ is defined. This submersion (jf 
is an anti-Kaehlerian submersion. Let tt : G ^ G/H and tt^ : G''^ ^ G^ /H^ be the natural 
projections. By imitating the proof of Theorem 1 of [18], we can show that, in the case 
where M is of class C"^, the following statements (i) ~ (iii) are equivalent: 

(i) M is complex equifocal, 

(ii) each component of (tt o (f))~^(^M) is complex isoparametric, 

(iii) each component of (vr^ o (ff-)~^ (^M'^) is anti-Kaehlerian isoparametric. 

See [18] about the definitions of a complex isoparametric submanifold and an anti-Kaehlerian 
isoparametric submanifold. In particular, if each component of (vr o 0)^-'^(M) is proper 
complex isoparametric in the sense of [17], that is, for each normal vector v of {jTO(j))^^(^M), 
there exists a pseudo-orthonormal base of the complexified tangent space consisting of the 
eigenvectors of the complexified shape operator for f , then we call M a proper complex 
equifocal submanifold. For C^-submanifold M in G/H, it is shown that M is proper 
complex equifocal if and only if (vr*^ o (/)^)^^(M*^) is proper anti-Kaehlerian isoparametric 
in the sense of [18], that is, for each normal vector v of (vr'^ o 0'^)~-^(M^), there exists a 
J-orthonormal base of the tangent space consisting J-eigenvectors of the shape operator 
for V, where J is the complex structure of (vr^ o (j)'^)~^ [M'^) . See [18] the definitions of J- 
orthonormal base and J-eigenvector. Proper anti-Kaehlerian isoparametric submanifolds 
are interpreted as ones having regular focal structure among anti-Kaehlerian isoparametric 
submanifolds. From this fact, proper complex equifocal submanifolds are interpreted as 
ones whose complexification has regular focal structure among complex equifocal subman- 
ifolds. 

Next we shall recall the notions of a complex Jacobi field and the parallel translation 
along a holomorphic curve, which are introduced in [23], and we state some facts related 



to these notions. These notions and facts will be used in the next section. Let (M, J, g) be 
an anti-Kaehlerian manifold, V (resp. R) be the Levi-Civita connection (resp. the curva- 
ture tensor) oi g and V^ (resp. R^) be the coniplexification of V (resp. R). Let (TM)'^'*^-* 
be the holomorphic vector bundle consisting of complex vectors of M of type (1, 0). Note 
that the restriction of V^ to TM^^'^' is a holomorphic connection of TM'^^'^' (see Theorem 
2.2 of [6]). For simplicity, assume that (M, J,g) is complete even if the discussion of this 
section is valid without the assumption of the completeness of (M, J, g) . Let 7 : C ^ M 
be a complex geodesic, that is, 7(2) = exp^(o)((Rez)7=^((^)o) + (Imz) J^(o)7*((^)o)), 
where (z) is the complex coordinate of C and s := Kez. Let Y : C ^ (TMp^'^' be a 
holomorphic vector field along 7. That is, Y assigns 1^ G [T^/^\MY^'^' to each z G C 
and, for each holomorphic local coordinate (U, (zi, • • • , z„)) of M with U f) 7(C) 7^ 0, 1^ : 

n 

'j~^{U) -^ C [i = I,--- ,n) defined by Yz = Yl'^ii^)i'^)-y(z) ^'^'^ holomorphic. If Y 

i=l 

satisfies V^ /jL-^'^'^ ^A^^ + -^^(^'">'*(^))"y*(^) ~ ^' ^^^^ 'we call Y a complex Jacobi field 
along 7. Let (5 : C x -D(e) ^ M be a holomorphic two-parameter map, where D{e) is the 
e-disk centered at in C. Denote by z (resp. u) the first (resp. second) parameter of 5. 
If 5{-,uo) : C ^ M is a complex geodesic for each uq G D(e), then we call 5 a complex 
geodesic variation. It is shown that, for a complex geodesic variation 6, the complex vari- 
ational vector field Y := 6^,{-^\u=o) is a complex Jacobi field along 7 := 5(-,0). A vector 
field X on M is said to be real holomorphic if the Lie derivation LxJ of J with respect to 
X vanishes. It is known that X is a real holomorphic vector field if and only if the complex 
vector field X — \/—lJX is holomorphic. Let 7 : C ^ M be a complex geodesic and 1" be a 
holomorphic vector field along 7. Denote by Ir, the real part of Y. Then it is shown that Y 
is a complex Jacobi field along 7 if and only if, for any zq £ C, s *-^ (^)szo i^ ^ Jacobi field 
along the geodesic 72(,(<^=^ Izois) '■= j{szo)). Next we shall recall the notion of the paral- 

dcf 

lei translation along a holomorphic curve. Let a : D ^ (M, J, g) be a holomorphic curve, 
where D is an open set of C. Let y be a holomorphic vector field along a. If V^ , ^ , y = 0, 

then we say that Y is parallel. Let a : D ^ (M, J, g) be a holomorphic curve. For zq £ D 
and V G {Ta(zo)MY^'^\ there uniquely exists a parallel holomorphic vector field Y along 
a with Y20 = V- We denote Y21 by {Pa)zo,zi{v)- It is clear that {Pa)zo,zi is a C-linear 
isomorphism of {Ta(zo)Mp^'^' onto {Ta(zi)My^''^' . We call {Pa)zo,zi the parallel transla- 
tion along a from zq to zi. We consider the case where {M,J,g) is an anti-Kaehlerian 
symmetric space G^ /H'^. For v G (Tg^H^iG'^ / H^)^ , we define C-linear transformations 
5- and D'J of iTg,H'^iGyH-)r by 5- := ^S* o cos(V^ad^c((ffSJ-ii')) o (g-^)-^ and 

-Cr := ffo* ° — /3Tad'=°L'=°{-it,-) ° (5'o*)~^ respectively, where adgc is the complexification 
of the adjoint representation adgc of q^. Let y be a holomorphic vector field along 7^. De- 
fine f : D ^ (r3oft:c(G7i^^))(i'0) by Yz := iP^^)z,o(yz) (z G D), where D is the domain 
of 7^. Then we have 

(2-2) Yz = {P,,)o,z (dT.,,JYo)+zDZ^^J^\z=o)) ■ 



3 The isotropy action of a pseudo-Riemannian symmetric 
space 

In this section, we investigate the complexified shape operators of the orbits of the isotropy 
action of a semi-simple pseudo-Riemannian symmetric space by investigating the complex- 
ified action. Let G/H be a (semi-simple) pseudo-Riemannian symmetric space (equipped 
with the metric ( , ) induced from the Killing form B of g) and a be an involution of G 
with (Fixo")o C H C Fixer. Denote by the same symbol a the differential of a at e. Let 
i) := Lie if and q := Ker(o" + id), which is identified with T(,h{G/ H). Let ^ be a Cartan in- 
volution of G with Ooa = aoO, f := Ker(6'-id) and p := Ker(6' + id). Let g'^, f)*", q"", f , p"" 
and ( , )'^ be the complexifications of g, f), q, f, p and ( , ), respectively. The complexifica- 
tion q*^ is identified with T(,h'^{G'^ /H^). Under this identification, \/—lX G q'^ corresponds 
to JeH^X € TeH'^iG^/H^), where J is the complex structure of G^/H^. Give G^ /H^ the 
metric (which also is denoted by ( , ) ) induced from the Killing form Ba of g^ regarded as 
a real Lie algebra. Note that Ba coincides with 2Rei?^ and {J,{, )) is an anti-Kaehlerian 
structure of G^/H^, where B^ is the complexification of B. Let o be a Cartan subspace 
of q (that is, a is a maximal abelian subspace of q and each element of o is semi-simple). 
The dimension of a is called the rank of G/H. Without loss of generality, we may as- 
sume that a = anf-l-anp. Let q^ := {X G q*^ | ad(a)^X = a{afX for ah a G a'^} 
and \f^ := {X € f)'' | a.d{afX = a{afX for all a G a'^} for each a G (o"")* ((o"")* : the 
(C-)dual space of a"") and A := {a G (a'')* | q^ / {0}}. Then we have 



(3.1) q'^ = a^+ ^ qc ^nd \)^=i^.{a^)+ J^ f) 



c 



where A-|_(c A) is the positive root system under some lexicographical ordering and 
3[,c(o^) is the centralizer of a'^ in \)'^. Let a be a Cartan subalgebra of g containing a 
and g| := {X G g^ | ad(a)X = a{a)X for all a G o^} for each a G (o^)* and A := 
{a G (a*^)* I g~ / {0}}. Then we have g*^ = o^ + X] 05 ^"^^ dimcg- = 1 for each 

5eA 
5 G A. Also, we have A = {5|oc | 5 G A} \ {0}, q^ = ( I] ) n q*" (a G A) and 

asA s.t. 5|uc=ita 
^a = ( S ) n f)*^ (a G A). The following fact is well-known. 

SeA s.t. 5|„c=ita 

Lemma 3.1. For each a G A, a(a n p) C R and a{a n f) C \J—\R,. 

Remark 3.1. Each element of a n p (resp. o n f) is called a hyperbolic (resp. elliptic) 
element. 

Take E^ij^ 0) G g| for each 5 G A and set Z^ ■= CaiE^ + o'-E's) and Yg := c^^E^ — 
(j-Eg), where cg is one of two solutions of the complex equation 



z 



2 



a{aa) 



B-{E^-aE^,E^-aE^) 



Then we have a,d{a)Za = a{a)Y^ and ad(a)y5 = a{a)Za for any a G a'^. Hence we 
have Z^ G 1)|| ^ and Y^ G q~i • Furthermore, for a G o^, it is shown that f)^ (resp. 
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q^) is spanned by {Z^\a £ A s.t. q|oc = a} (resp. {Ig | 5 G A s.t. 3|uc = a}). For 
each a £ A, define Ua G a^ by a(a) = B^{aa-,a) (a G a*^). Then [Zg,!-] = a{aa)aa 
is shown. L. Verhoczki [38] investigated the shape operators of orbits of the isotropy 
action of a Riemannian symmetric space of compact type. By applying his method of 
investigation to the isotropy action of the anti-Kaehlerian symmetric space C^ /H^^ we 
prove the following fact for orbits of the isotropy action of G/ H. 

Proposition 3.2. Let M be an orbit of the isotropy action (i.e., the H-action) on G/H 
through X := eyipQ{w)H (w £ q s.t. ad{w) : semi-simple) and A be the shape tensor of 
M. For simphcity, set g := expQ{w). Let a be a Cartan subspace of q containing w and 
q'^ = a*^ + Yl la t)e the root space decomposition with respect to a^. Then the following 

aGA+ 

statements (i) and (ii) hold: 

(i) g-HT^MY = T. ta and g-^T^Mf = a-+ 

QeA+ s.t. a(iu)(^i/^7rZ 

^ q^ hold. In particular, ifM is a principal orbit, then we have g^^{TxM)^ 

aeA+ s.t. a(-!«)eV^7rZ 

E qlandg-^{T^Mr = a-. 

aeA+ 

(ii) Let Hx be the isotropy group ofH at x andset Hx{g*a) := {/i*xfl'*o \a £ a, h £ H^}. 
Then Hx{g*a) is open in T^M and, for any v := h^xQ^i £ Hx{g^:a) (a £ a, h £ Hx), we 
have Af.lh^^a^a'' = — T-^r-r^^'^T—K^d (a £ A+ s.t. a(w) 4 v/— IvrZ), where A'^ is the 

u\ii.txy*^a ta,n{^ — la{w)) ^ ^ \ j 7- y n 

complexification of A. 

Proof. First we shall show the statement (i) by imitating the proof of Proposition 3 in 
[38]. Let M^ be the extrinsic complexification of M, that is, M^ := H^ ■ x (c G^/H^), 
where G/H is identified with G{eH''). We shall investigate i;(M^) instead of {TxMf 
because (TxM)'' is identified with r^(M^). Let a^ (a £ A), A, Zg and Yg (5 G A) be 
the above quantities defined for a and a Cartan subalgebra o of g containing a. Let 5 G A 
and a := a\a'^. Since [^5,11;] = —a{w)Ya and [Z^jlg] = o:{aa)aa, we have 

^|t=oAdGc(exptZa;)ti; = -a{w)Ys, 
where AdG<= is the adjoint representation of G^. Hence we have 

T^AdG^iH'^)w = Yl 'I- 

aGA+ s.t. a(w)^0 

Denote by Exp the exponential map of the anti-Kaehlerian symmetric space (G^/H^, J, { , )). 
Assume that a{w) 7^ 0. Define a complex geodesic variation 5 : C^ -^ G^/H^ of the com- 
plex geodesic 7^ (z 1-^ Exp(2:w)) by 



5{z,u) := Exp z{cosu ■ w + sinu4 / ' Y^) 

{{z, u) £ C^). Set W := 4^(^=0) which is a complex Jacobi field along 7^. Hence it follows 
from (2.2) that 



sin(^/^a(u;)) / {w,w) 



11 



On the other hand, we have Wi = {dEx.p)w{\/ -^r^Y^). Hence we have 



, ,^ ^ /^. N sm(\/—la(w)) 
(3.1) (dExp)^(y5) = ^^- ^\" g*Ys. 

-lalw) 



Since M^ = Exp{AdG-{H'')w), we have r^(M'^) = {dExp)^{T^{AdG-{H'')w)). Hence the 
relations in the statement (i) follow from (3.1). 

Next we shall show the statement (ii). The i7a;-action on Tx{G/H) preserves TxM and 
T^M invariantly, respectively. The iJa;-action on T^M is so-called slice representation 
and it is equivalent to an s-representation (the linear isotropy representation of a pseudo- 
Riemannian symmetric space). Therefore Hx{g*a) is open in T^M. In the sequel, we shall 
show the remaining part of the statement (ii) by imitating the proof of Theorem 1 in [38] 
for the isotropy action of a Riemannian symmetric space of compact type. Denote by A 
the shape tensor of M^. Under the identification of [T^MY with Te(M^), the complexified 
shape operator A^ is identified with Ay^. Hence we suffice to investigate Ay^ instead of 
A^. Let a be an element of A+ with a{w) ^ \/— IvrZ. Take 5i G A with 5i|a<= = ot. Also, 
in case of 2a G A, 52 G A with 52|o= = 2a. Set f)^ := 3(,= (a^) + f}a + ^2a (^2a = {0} ™- 
case of 2a ^ A) and H^ := exp(^c(f)^). Easily we can show 

AdG<:(exp zZ^^)aa = cos(A; za{act))aa — — sin(A; za{aa,))Y^^ [k = 1,2). 

rC 

From this relation, it follows that Ad{H^){aoi) is a complex hypersurface in ^^ := Coq + 
1o + l2a (l2a — {0} in case of 2a ^ A). On the other hand, it is clear that Ad{H^){aa) 
is contained in the complex hypersphere (S'^jqcxqc )(z, z) = B'^{aa,CLa) of q^. Hence 
Ad{H^){aa) coincides with this complex hypersphere. The vector w is expressed as ti; = 
°/ ') Qq + b for some b G a^^(O). Then we have 

AdG= (exp zZg Jti; = h + — — -(cos(A;^za(aa))a„ - - sin(A;^za(aQ))l~J 

{k = 1,2). From this relation, it follows that Ad{H^){w) coincides with the complex 
hypersphere (B'^j^c xqc)(z - 6, z - 6) = ^gy of 6 + q^. Set Ql := Exp(q^) and Ql{b) := 

Exp(6 + q^). It is easy to show that Q^ is a totally geodesic complex rank one anti- 
Kaehlerian symmetric space in G^ /H^. Furthermore, by imitating the proof of Proposition 
4 in [38], it is shown that Q'^{h) is a totally geodesic complex rank one anti-Kaehlerian 
symmetric space and it is isometric to Qa- Ii^ fact, a map </> : Q^ -^ Q'^ (h) defined by 
^(Expz) = Exp(z + h) (z G Q^ ) is an isometry. Since Ad{H^){w) is equal to the complex 

hypersphere of complex radius \ }" \ of 6 + 'q^, H^ • x is a complex geodesic hypersphere 

of complex radius y^a{w) in Q^ib). Set Q^ := Exp(a'^ + la + lia)' which is isometric to 
the anti-Kaehlerian product Q^ib) x C^-*^ (r := rank{G/H)). 

We have H^-x C MTiQUb) C MTiQ^. Also, since T,(M^) = g^{ ^ q 

qGA+ s.t. a(w)t^^/^TTZ 

and TxQi = g^ia"" + ql + qD, we^have r^(M^ nQi) = ql + q§„ and hence dimra;(M^ n 
Qa) — dim(i7^ • x). Therefore H^ • x is a component of M^ Ci Q^. Denote by A the 
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shape tensor of H^ ■ x "-^ Q^ . Since Q^ is totally geodesic in G^/H'^ and T,;^{M'^) con- 
tains the normal space of H^ ■ x in Q^ , it follows from pseudo-Riemannian version of 
Lemma 6 of [38] that Ag^^a^ preserves Tx{H^ • x) invariantly and that Ag^aa — Ag^a^ o^i 
Tx{H^ ■ x). Let (j) be the above isometry of Q^ onto Qa{b)- Set tq := ^l^{ and denote 
by A the shape tensor of H^ • (roa^) "-^ Q^ ■ Clearly we have (piH^ • (roa^)) = H^ • x 
and 0*((expG'c(roaa))*(aa)) = g^aa- Hence we have Ag^a^ =4>*° ^{cxpGc(roa<,)),(a„) ° <t)*'^ ■ 
For simplicity, set 'g := exp(^c(roaa). Now we shall investigate A-^ ^^. Define a complex 
geodesic variation 5 : C^ -^ C^/H^ by 



6{z,u) := Exp{z {r cos u-aa + \ ° "1,^". sinu- YgJ) ((^,u) € C^). 



Set W := ^|u=o- Since H^ is a complex Jacobi field along 7n,ac«' ^^ follows from (2.2) that 



V-la{roaa) \j {^51,^51) "" 
We have 

Va.5| — =Va*| T- = Vri 

I T In O I '■^ 

= COs{V^a{roaa))\ ° "v-~°\ ^*-^"i ^ ^Exp(roa,.)^a • ('"Oaa) 

and hence 






which together with (3.2) and a{b) = deduces 

-la{a, 
t&n{\/ —la{w)) 



A a Y~ - V -^y-^aj y_^ 



Therefore we have 



A „Y~ V^«(aa) 

A,.a„<7*^ai- tan(y^a(u;))^* "^- 



■^g,aa9*^ a2 — , /„ / — T / \\9*^a2 



Similarly we have 

tan(2-v/— la(tt)))' 

Take 5 G a^VO). Since Qa(&) is totally geodesic and T^Q%{b)\Q^ n T-^Ml 5^ is parallel 
along i/^ • X with respect to the normal connection of Q'^{h) ^^ G^/H^, we have 

■^gj)9*^ai = Agj^g^Y^2 = 0. 

Take an arbitrary a G 0. We can express as o = ^^ \ Qq + ^ for some 6 G a~"'^(0). Thus, 
for each a G 0, we have 

Ag,aW = - f^I^^.f . id (/3 G A+ s.t. ^{w) ^ V^nZ). 
'^ tan(v— lp(w)) 
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Take an arbitrary h^xg*^ G Hx{g*a) {a £ a, h £ Hx). Since h is an isometry of G^/H^, 
we have A^^^g^a = ^*x ° ^g,a ° /lia;"^- Hence we have 

'^ tan[^/ — lp{w)) 

Therefore, we obtain the relation in the statement (ii). q.e.d. 

4 Shape operators of partial tubes 

In this section, we investigate the shape operators of partial tubes over a pseudo-Riemannian 
submanifold with section in a (semi-simple) pseudo-Riemannian symmetric space G/H 
equipped with the metric induced from the Killing form of := Lie G. Let M be a pseudo- 
Riemannian submanifold with section in G/H, that is, for each x = gH of M, g~^T^M 
is a Lie triple system. Let t{M) be a connected submanifold in the normal bundle T M 
of M such that, for any curve c : [0, 1] -^ M, P^{t{M) n T^^q^M) = t{M) n T^^^^M holds, 

where P^ is the parallel transport along c with respect to the normal connection. Denote 
by F the set of all critical points of the normal exponential map exp of M. Assume 
that t{M) n F = 0. Then the restriction exp-*- Um) of exp-*- to t(M) is an immersion of 
t{M) into G/H. Assume that exp \t(M) '■ t{M) "^^ G/H is a pseudo-Riemannian sub- 
manifold. Then we call t{M) a partial tube over M. Define a distribution D on t{M) by 
D^ = T^{t{M) n T^(^)M) {v £ t{M)), where it is the bundle projection of T-^M. We caU 
this distribution a vertical distribution on t{M). Let X £ T^(^^\M. Take a curve c in M 
with c(0) = X. Let -u be a parallel normal vector field along c with ^(0) = v. Denote by 
X^ the velocity vector v{0) of the curve v in T-^M at 0. We call X^ the horizontal lift of 
X to V. Define a distribution D^ on t(M) by D^ = {X^ \ X £ T^{^)M] {v £ t{M)). We 
call this distribution a horizontal distribution on t{M). From (2.1), we have 

(4.1) exp^(l,) = P^„ (D-X - D^iA^X)) . 

Assume that t{M) is contained in the e-tube te{M) := {v £ T^M \ -!^^= = e} (e / 0). 

Define a subbundle D^ of the normal bundle T^t{M) of t{M) by D^ := T^t{M) n 
T^{te{M)) {v £ t{M)). Clearly we have T^t{M) = D^ e D^ (orthogonal direct sum) and 
T^t{M) = D^ © Span{7t,(l)} (orthogonal direct sum), where % is defined by 7t,(t) := 
tv. Denote by A (resp. A^) the shape tensor of M (resp. t{M)). Also, denote by A^ 
that of a submanifold t{M) n T^M in exp-'-(T^M) immersed by exp-*- \tiM)riT^M- ^"^ the 
sequel, we omit exp;^. For a real analytic function F and v £ TgH{G/H), we denote the 
operator g^ o F{ad{g~^v)) o g~^ by F{a.(l{v)) for simplicity. Then, by imitating the proof 
of Proposition 3.1 in [19], we can show the the following relations. 

Proposition 4.1. Let v £ t{M) and w £ D^. Also, let 'k{v) = giH, g2 := ex.pQ{g^^v) 
and g := gig29i , where exp^j is the exponential map of the Lie group G. 
(i) For Y £ D^ , we have 

(A n\ At Y — /l'^(^)v A^ Y — /I'^WV 
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(a) Assume that Spd.n{g^^ v, {gig2)^ ^w} is abelian. Then, for X G Tjr(t,)M, we have 



(4.3) 



Ai^X^ = ^/^ad{g^^w)sm{^/^ad{v)){X) 

ad(t;) "■ 9, ^ ^ 

'cos(-v/— lad(t;)) — id \/— 1 sin(-v/— lad(i;)) + ad(t;) 

ad(t') ad(f)^ 

xad{g:;^w){AyX). 



Remark 4-1- The parallel translation P-y^ along 7^, is equal to g^,. 

5 Proper complex equifocality 

In this section, we investigate the proper complex equifocality of a complex equifocal sub- 
manifold in a pseudo-Riemannian symmetric space. Let G/H be a (semi-simple) pseudo- 
Riemannian symmetric space and R be the curvature tensor of G/H. First we prepare 
the following lemma for a curvature-adapted submanifold with flat section such that the 
normal holonomy group is trivial. 

Lemma 5.1. Let M be a curvature-adapted submanifold in G/H with fiat section such 
that the normal holonomy group is trivial. Assume that, for any normal vector v of 
M, Ay and ad{g^^v) are semi-simple, where A is the shape tensor of M and g is an 
element of G such that gH is the base point of v. Then, for any x £ M, {Ay\v G 
T^M} U {R{-,v)v\t^m I V G T^M} is a commuting family of linear transformations of 
T^M. 

Proof. Let Vi G T;^M (i = 1, 2). Since M has flat section, R{-, vi)vi\txM and R{-,V2)v2\txM 
commute with each other. Since M has flat section and the normal holonomy group 
is trivial, A^-^ and Ay^ commute with each other. In the sequel, we shall show that 
R{-,vi)vi\t^m and Ay^ commute with each other. Let x = gH. Since g^^T^M is 
abelian and, for any v G T^M, ad{g'^^v) is semi-simple, there exists a Cartan sub- 
space a of q(= TeH{G/H)) containing b := g~^{T;^M). Let A be the root system 
with respect to 0^ and set A := {a\f,c | a G A s.t. a|t,c 7^ 0}. For each /3 G A, we set 
q;^ := {X eq^l ad{bf{X) = p{b)^X (V6 G b^)}. Then we have q'^ = 3qc(b'^) + ZpeA+ ({"p, 

where A_|_ is the positive root system under some lexicographical ordering and 3q<=(b^) is 
the centralizer of b'^ in q^. Consider 

D:={ve {T^Mf I Span{5-^«} n ( _ U_ {Ip, n Z^ ) ) = 0}, 

y(/3i,/32)eA+xA+s.t./3i7^/32 / 

where l|3^ := P~ (1) (i = 1,2). It is clear that D is open and dense in (T^M)'^. Take 
V G D. Since (5{g~^v)^s {(5 G A_,_) are mutually distinct, the decomposition {TxMY = 
5'*(3q<=(^^) 9 ^^) + Yl 9*^% is the eigenspace decomposition of R'^{-,v)v\(j'^my. Since M 

/3GA, 
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is curvature-adapted and hence [R'^{-,v)v\(^XxM)''i ^v] — 0) '^^ have 

(T^Mr = Y. (9* (3q^ (t'") e b^) n Ker(A^ - A id)) 

, . AeSpccAg 

+ E E(5*q^nKer(A^-Aid)). 

AeSpccAs^gA_j, 

Suppose that (5.1) does not hold for some vq G (T^M)^ \ D. Then it is easy to show 
that there exists a neighborhood U of vq in {T^MY such that (5.1) does not hold for 
any v & U. Clearly we have U D D = 0. This contradicts the fact that D is dense in 
{T^Mf. Hence (5.1) holds for any v G {T^Mf \ D. Therefore, (5.1) holds for any 

V G {T^MY. In particular, (5.1) holds for V2- On the other hand, the decomposi- 
tion {TxMY = 5'*(3q<=(b'^) b'^) -|- Yl 5*1/3 ^^ ^^^ common eigenspace decomposition of 

/3eA+ 

i?^(-,f)f |(5"^jvf)c's [v G [T^MY). From these facts, we have 

{T^MY = E E 

AeSpccA=2 iJ.&pccR''{-,vi)vi\(T^M)c 

{KeT{R''{-,vi)viyT,MY - /uid) n Ker(^^2 - Aid)) , 

which implies that R'^{-^vi)vi\{j^my ^-iid A"^,^ commute with each other. This completes 
the proof. q.e.d. 

By this lemma. Lemma 5.3, Propositions 5.6 and 5.7 of [17] (these lemmas are valid 
even if the ambient space is a pseudo-Riemannian symmetric space), we can show the 
following fact. 

Proposition 5.2. Let M be a curvature- adapted complex equifocal submanifold in G/H. 
Assume that, for any normal vector v of M, A^ and ad{g^^v) are semi-simple and that 
^Pig*^'^) ^ Spec^^lg^qc (i3 G A^J, where g is an element of G such that gH is the base 
point of V. Then M is proper complex equifocal. 

Proof. Let M := (vr o (^)^^(M) and denote by A the shape tensor of M. Fix u £ M and 

V G T^M. For simplicity, set x(= gH) = (tt o 0)(u) and u := (vr o (j))^{v). According to 
Lemma 5.1, it follows from the assumptions that A^ commutes with R^{-^w)w\{j^my^^ 
{w G (TYMY)- Also, it follows from the assumptions that A^ and R^{-,w)w\t^m's {w G 
{TYMY) are diagonalizable. Hence they are simultaneously diagonalizable, that is, we 
have 

{tYmY= E E (5*q^nKer(^^-Aid)). 

AeSpccA£.^gA_,_ 

On the other hand, by the assumption, we have ±P{g~^v) ^ Spec(A^|g^qc) for each /3 G 
A^. Therefore, it follows from Lemma 5.3, Propositions 5.6 and 5.7 of [17] that there 
exists a pseudo-orthonormal base of (T^MY consisting of eigenvectors of A'^. Therefore 
M is proper complex isoparametric, that is, M is proper complex equifocal. q.e.d. 
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6 Proof of Theorems A, C and E 

In this section, we shall prove Theorems A, C and E. First we prove Theroeni A in terms 
of Propositions 3.2, 4.1 and 5.2. 

Proof of Theorem A. Since T(,h{H' {eH)) = q n f)' and q n f)' is a non-degenerate subsapce 
of q, we see that H'{eH) is a pseudo-Riemannian submanifold. Since a o a' = a' o a, 
we can show that H'{eH) is a reflective submanifold by imitating the first-half part of 
the proof of Lemma 4.2 in [19]. Thus the first-half part of the statement (i) is shown. 
Furthermore, by imitating the second-half part of the proof of Lemma 4.2 in [19], we 
can show the second-half part of the statement (i). In the sequel, we shall show the 
statement (ii). Let M be a principal orbit of the //'-action as in the statement (ii). For 
simplicity, set x := expQ{w)H and g := expQ{w), where w is as in the statement (ii). By 
imitating the second-half part of the proof of Lemma 4.2 in [17], it is shown that M is a 
partial tube over H'{eH) and M f] Ti^h is an orbit of the isotropy action of the symmetric 
space Ee_ff(— L/H n H'). Since M is a principal orbit, M n Ti^h is a principal orbit 
of the isotropy action. Hence, since ad(it;)|( is semi-simple, b := g^^T^M is a Cartan 
subspace of q n q' by (i) of Proposition 3.2. Take a Cartan subspace o of q containing 
b. Let q*^ = a'^ -|- Ylai^A la ^^ ^^^ ^°°^ space decomposition with respect to a^. Set 
Abe := {a|fac I a G A s.t. a|bc / 0} and q^ := XloeA s.t. a\^.=p^a (/? ^ Afac). Then we 
have q^ = 3qc(b^) -|- YlaeiA c) Iff' where (A(,c)+ is the positive root system under some 
lexicographical ordering. Also, since q'^nf)'^ and q'^nq"^ are ad(6)^-invariant for any h G b^, 
wehaveq^nr = 3q^(b'^)nr+E;3e(A,c)+(q^nr) andq^nq'^ = b^+E;3e(A,c)+(q^nq'^). 
Hence we have 

{T.Mf = gliiA^l n r) + E iali^l ^ ^")+fMp n q''^)) , 

/3e(Ai,c)+ 

(TeH(i/'(ei/))r = 3,c(b^)nr+ E i^l^^") 

/3e(Abc)+ 

and 

(r,(MnSeH)r= E 5*'(q^nq'^). 

/3G{A6c)+ 

Also we have T^M = g^^h. Take v G T^M = g^:b. It is clear that R{-,v)v is semi-simple. 
Since H'{eH) is totally geodesic, it follows from (ii) of Proposition 4.1 and (4.1) that 
A^,X^ = (XG3qc(b^)nr)and 

(6.1) A^,X^ = 7^/3(571^) tan{^/^/3{w))X^ (^ G q;j n i)"" (/3 G (Afac)+)). 

Also, since M D Ti^h is a principal orbit of the isotropy action of SeH(— L/H n K), it 
follows from Proposition 3.2 and (i) of Proposition 4.1 that 



(6.2) ^^^ = -rV^^T^^ (rG<7*(q^nq-)) 

tan(v — Ip(tf)) 

up to constant-multiple, where we note that the induced metric on SeH(= L/H n K) is 
homothetic to the metric induced from the Killing form of [. Thus A*^ is diagonalizable, 
that is, it is semi-simple and we have 
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[A'^,R'^{-,v)v\(^j'xM)A = and hence [Ay,R{-,v)v\T^M] = 0. Therefore M is curvature- 
adapted. Next we shah show that M is proper complex equifocal. Since g~^T^M is a 
Cartan subspace of qPiq' for each x(= gH) G M, M has flat section. Since M is a principal 
orbit of the //'-action, each normal vector of M extend to an /f'-equivariant normal 
vector field, which is parallel with respect to the normal connection of M because M has 
flat section. From this fact, it follows that the normal holonomy group of M is trivial. 
Furthermore, it follows from the homogeneity of M that M is complex equifocal. From 
(6.1) and (6.2), we have Spec(^S|3c,c) c {^/^/^(^-i^) tan(^/^/3(«;)), -^^^gi^L} 
{(3 G (A[,c)+), that is, 

^f5{g~'^v) ^ Spec^^lgcqc. Therefore, it follows from Proposition 5.2 that M is proper 
complex equifocal. Furthermore it follows from the result of [23] stated in Introduction 
that M is an isoparametric submanifold with flat section. This completes the proof, 
q.e.d. 

Next we prove Theorem C. 

Proof of Theorem C. According to Theorem A, we have only to show that K{eH) has no 
focal point and that, for any normal vector v oi Mi, R{-, v)v\T^Mi and A^ are diagonalizable. 
Let = f -|- p be the Cartan decomposition of g associated with 9. Take an arbitrary 
normal vector v of K{eH) at eH. Take a maximal abelian subspace b of q n p containing 

V and a Cartan subspace o of q containing b. Let q'^ = a'^ -|- Yla&A+ 1o ^^ ^^^ ^^o^ 
space decomposition of q*^ with respect to o^. Let A(, := {a|b | a G A s.t. a|b / 0} and 
q/3 := (EaeA s.t. aU=pO n q (/5 G A^,). Since b C p, we have /3(b) C R (/3 G A^,) (see 
Lemma 3.1) and hence q = 3q(b) -|- X]/3g(A ) '^P- Furthermore, since ad(6)^(q n f ) C q n f 
for any 6 G b, we have q n f = 3q(b) n f + 5]^g(^^)^(q/3 n f). Let X G q/j n f (/3 G (Ab)+), 

Y be the strongly K{eH)-iacoh\ field along 7„ with 1^(0) = X. Since K{eH) is totally 
geodesic, we have Y{s) = cosh(s/3(f))P^^| (X). Since I3{v) is a real number, Y has no 

zero point. Also any strongly K{eH)-iacoh\ field Y along 7^, with 1^(0) G 3q(b) n f is 
expressed as Y{s) = P.^,\, (1^(0)) and hence it has no zero point. On the other hand, 
since K(eH) is reflective and hence it has section, any non-strongly i^(e-ff)-Jacobi field 
along 7^ has no zero point. After all there exists no focal point of K{eH) along 7^,. From 
the arbitrariness of f , it follows that K{eH) has no focal point. For convenience, set 
Hi := K, H2 := L, f)i := f, f)2 := i, qi := p and q2 := f Hq -Fpnt). Let Mi (resp. M2) be a 
principal orbit of the i/i-action (resp. the if2-action) through xi = expQ(wi)H G H2{eH) 
(t^i G q n qi) (resp. X2 = expG{w2)H G Hi{eH) \ F (^«2 G q n q2)). Set gi := exjpQ{wi) 
{i = 1,2). Since bi := g^^ (T^Mi) and b2 := ff^^ (r^M2) are maximal abelian subspaces 
of q n p and q n f, respectively, they are maximal split abelian subspaces of q. Hence 
we have the root space decomposition q = 3q(bj) -|- ^/jg^' q/3 °^ q with respect to bj 
{i = 1,2), where <\p := {X G q\ad{bf{X) = {-iy~^P{b)^X (V 6 G b^)} by Lemma 
3.1 and A!(_ is the positive root system of A* := {/3 G b* | q^ / {0}} with respect to a 
lexicographical ordering. Also, it is easy to show that qn\)i = 3q(bj) r\i)i + XlfleA' (q/3 ^ ^«) 
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and q n qj = bj + ^«g^i (q/3 n q^), where i = 1,2. Hence we have 

Tr,Mj = 5(j*(3c,(bi)nf)i)+ Y^ (5'«(q/3nf)i)+5'i*(q/3nqi)), 

TeH{H^{eH)) = l^{h.i) n f)i + X] (q/3 ^ ^^) 



/3eAV 



and 



/3GA!, 



where S^j:^ is the section of Hi{eH) through eH. Take Vi G T^Mi = g^hi. It is clear that 
R{-,Vi)vi is diagonahzable. Denote by A^ the shape tensor of Mj. By using Propositions 
3.2, 4.1 and (4.1), we can show Ai_Xyj. =0 (X G 3q(bi) n ()»), 

AJ,^X„, = ./^(3{g7\,) ta.n{^/^(3{w,))X^^ (^ G q/3 n [), (/3 G AV)) 
and 

^;,1^ = -^^^^^%^>^ (yG5.*(q/3nq.)(/3GAV)). 
tan(v— 1 p{wi)) 

Thus ^J, is diagonahzable. This completes the proof. q.e.d. 

Next we shall prove Theorem E. By imitating the proof of Lemma 2.1 of [21], we can 
show the following fact. 

Lemma 6.1. Let G{= (G x G)/AG) be a semi-simple Lie group equipped with the bi- 
invariant pseudo-Riemannian metric induced from the Kilhng form ofQ + Q, H' be a closed 
subgroup of G X G and a be an abelian subspace of the normal space T;r{H' ■ e) of H' ■ e. 
Set S := expfj(a). Then all H' -orbits through T, meet S orthogonally. 

By using this lemma and imitating the proof of Lemma 2.2 of [21], we can show tyhe 
following fact. 

Lemma 6.2. Let G/H be a semi-simple pseudo-Riemannian symmetric space, H' be a 
closed subgroup of G and a be an abelian subspace of the normal space T^fjH{eH) of 
H'{eH). Set S := Exp(a). Tlien all H'-orbits through T, meet T, orthogonally. 

By using this lemma, we prove Theorem E. 

Proof of Theorem E. Let M, F and G/H be as in the statement of Theorem E. Without 
loss of generality, we may assume that G is simply connected. Since M is homogeneous, 
there exists a closed subgroup Hi of G having M as an orbit. Without loss of generality, 
we may assume that Hi{eH) = M. Set S := Exp(Tg-^M). Since M has flat section, 
that is, T^^M is abelian, it follows from Lemma 6.2 that all f/^i-orbits through S meet 
S orthogonally. Hence their dimensions are lower than dimM + 1. This fact together 
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with dim M + dim S = dim G/H implies that all i^i-orbits through W are of the same 
dimension as dim M for some neighborhood W of eH in S and they are principal orbits. Set 
[/ := -ffi-VF, whichis anopenset of G/iJ. FixgQH(^F. Set H2 := Qq HigQ,i := T^ngo F 
and i-L := T^^g^^F. Furthermore set [)' := n[,(i) + i and q' := (f) Q n[,(i)) + i"^. Since 
n[,(t) is a non-degenerate subspace of f) by the assumption, we have = f)'©q' (orthogonal 
direct sum). Since F is a reflective by the assumption, t and t"*" are Lie triple systems. By 
using this fact, we can show [f)',l)'] C [)', [[)',q'] C q' and [q',q'] C f)'. Thus the connected 
subgroup H' of G having f)' as its Lie algebra is symmetric, where we use the simply 
connectedness of G. That is, the i7'-action on G/H is a Hermann type action. Easily we 
can showre((i:f2X-f^)-e) = pr(,(f)2)+l) SindTe{{H' xH)-e) = prq([)')+f) = t+f), where pr^ is 
the orthogonal projection of onto q and f) 2 :=Lie-ff2- Since t:~^ {H2{eH)) = {H2X H)-e, 
we have Te{H2{eH)) = pr^{Te{{H2 xH)-e)) = prq(l)2), that is, prq(f)2) = t. Hence we have 
Te{{H' X H) ■ e) = Te{{H2 X H) ■ e)), which implies {H' x H) ■ e = {H2 x H) ■ e. Therefore 
we have H'{eH) = H2{eH). Set S' := Exp(T _i ((/(T M)), which passes through eH. Set 

a! := TeH^', which is abelian. Since T~^{H'{eH)) = T~^{H2{eH)) includes a', it follows 
from Lemma 6.2 that all i:?'-orbits and all iJ2-orbits through T,' meet S' orthogonally. 
Since all ii'2-orbits through g^ W{c S') are principal and hence T\j{H2{gH)) = Tgu^' 
for all gH G g^^W , we have TgH{H'{gH)) C TgH{H2{gH)) for ah gH G g^^W . On the 
other hand, we have [prf,(l)2), i] = prq([f)2, t]) C w^{Te{{H2 x H) ■ e)) = TeH{{H2{eH)) = t, 
that is, pr(,(f)2) C n(,(t), where pr;, is the orthogonal projection of g onto [). Hence we have 
[)2 C pr[,(l)2) +prq(f)2) C f)', that is, i:f2 C H' . Therefore we see that H'{gH) = H2{gH) 
for all gH G ^q" W . In particular, g^ M is a. principal orbit of the i^'-action. Hence 
M is a principal orbit of the Hermann type action g^H' g^ . This completes the proof, 
q.e.d. 

7 Cohomogeneities of special Hermann type actions 

In this section, we shall list up the cohomogeneities of the X-action and the L-action as 
in Theorem C on irreducible (semi-simple) pseudo-Riemannian symmetric spaces G/H in 
terms of the fact that the cohomogeneity of the X- action (resp. L-action) is equal to the 
rank of L/H n K (resp. K/H nK). In Tables 1 ~ 5, A • S denotes A x B/U, where H 

is the discrete center oi A x B. The symbol 5*00(1,8) in Table 6 denotes the universal 
covering of 5*00(1) 8) and the symbol a in Table 6 denotes an outer automorphism of G^. 
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G/H 


K 


L 


cohoiiiK 


cohomi. 


SL(n,-R)/SOo{p,n-p) (p < f ) 


SO{n) 


(S'L(p,R) X 5'L{n-p,R)) 
R* 


n- 1 


P 


SL{n, R)/{SL{p, R) x SL{n - p, R)) • R, 
(P<t) 


SOin) 


S'0(,(p,n-p) 


P 


P 


S'L(2n,R)/5p(n,R) 


SO{2n) 


SL{n, C) • t/(l) 


n- 1 


[f] 


SL{2n,'R)/SL{n,C) ■ U{1) 


SO{2n) 


5p(n,R) 


n 


[f] 


SU*(2n)/SO*(2n) 


Spin) 


SLCn, C) ■ t/(l) 


n- 1 


n 


SU*(2n)/SL(n,C)-U{l) 


Sp(n) 


SO*i2n) 


[fl 


n 


SU*{2n)/Sp(p,n-p)(p<f) 


Spin) 


5(7* (2p) X SU*i2n-2p) 
xUil) 


n- 1 


P 


SU*(2n)/{SU*{2p) X SC/*(2n- 2p) x (7(1)) 
(P<f) 


Spin) 


5p(p, n - p) 


P 


P 


SU{p,q)/SOo{p,q) {P<q) 


SiUip) X Uiq)) 


SOoip,q) 


P 


n- 1 


SU(p,p)/SO*(2p) 


SiUip) X Uip)) 


5p(p,R) 


P 


p-1 


SU(p,p)/Sp(p,-R.) 


SiUip) X Uip)) 


50*{2p) 


[fl 


p-1 


SU(p,p)/SL{p,C)-U(l) 


SiUip) X C/{p)) 


SL(p, C) • (7(1) 


P 


p-1 


SU{2p, 2q)/Sp{p, q) {p < q) 


SiUi2p) X t/(2g)) 


Spip, (?) 


P 


n- 1 


SU{p,q)/S{Uii,j)xU{p-i,q-j)) 


5(C/(p) X Uiq)) 


5(C/(p-i,i)xC/(J,g-i)) 


min{p — i,j} 
+mm{i,q- j} 


min{j,p — i\ 
+mm{i,g-j} 



Table 1. 
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G/H 


X 


L 


cohomx 


cohomj^ 


SL(n,C)/SOin,C) 


5t/(n) 


SLCn.R) 


n- 1 


n- 1 


SL{n,C)/SL{n,'R) 


st/w 


50(n,C) 


[fl 


n~ 1 


SL(n, C)/(SL(p, C) X SL{n - p, C) x U{1)) 
(P<t) 


5t/(n) 


St/Cp.n-p) 


P 


P 


SL{n, C)/SU{p, n - p) (p < f ) 


St/M 


SL{p,C) X 5L(n-p,C) 
xt/(l) 


n-2 


P 


5L(2n,C)/Sp(n,C) 


5!7(2n) 


SU'(2n) 


n- 1 


n- 1 


5L(2n,C)/St/*(2n) 


SU{2n) 


5p(n,C) 


n 


n- 1 


SOo{p,q)/SOo{i,j) X SOo(p- J,g- j) 


SO{p) X SO{q) 


50o{p-J,i) 
xSOo{i,q-j) 


rain{p -i,j} 
+mm{i,q~ j} 


min{i,p — i} 
+mm{j,q- j} 


50o{p,p)/50(p,C) 


SO{p) X SO(p) 


5L(p, R)-C/{1) 


P 


[f] 


50o(p,p)/SL(p,R)-(7(l) 


SO{p) X 50(p) 


50(p,C) 


[f] 


[f] 


50o(2p,2<ir)/5C/(p,<?) • (7(1) (p < q) 


50(2p) X SO{2q) 


S;7(p,g)-(7(1) 


P 


[fl + [f] 


50*(2n)/SO*(2p) x 50*(2n - 2p) 
(P<t) 


U(n) 


5t/(p,n-p).t/(l) 


P 


P 


S'0*(2n)/5(7{p, n - p) ■ (7(1) 
(P<t) 


U{n) 


50*(2p) 
xS'0*(2n-2p) 


[f] + [^] 


P 


50*(2n)/SO{n,C) 


U{n) 


50(n,C) 


[fl 


n 


50*(4n)/5f/*(2n)-(7{l) 


U{2n) 


5(7*(2n)-(7{l) 


n- 1 


n- 1 


S'0{n, C)/50(p, C) X SO{n - p, C) 
(P<f) 


SO(n) 


50o(p, n-p) 


P 


P 


S'0(n,C)/SOo(p,n-p) 
(P<t) 


S'0{n) 


50(p,C) 
xSOCn-p.C) 


[f] + [^] 


P 


50(2n, C)/5L(n, C) • 50(2, C) 


50(2n) 


SO*{2n) 


[fl 


[fl 


50(2n,C)/SO*(2n) 


SO(2n) 


5L(n, C) ■ 50(2, C) 


n 


[fl 



Table 2. 
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G/H 


_ft: 


L 


cohom/f 


cohom^ 


Sp(n,^)/SU(p,n-p)-U(l) (p < f ) 


C/(n) 


5p(p,R) 
X Spin - p, R) 


n 


P 


Sp(n, R)/5p(p, R) X Sp{n - p, R) 
(P<f) 


U(n) 


SU(p,n-p)-U(l) 


P 


P 


5p(n,R)/5L(n,R)-t/(l) 


U(n) 


5L(n,R)-t/(l) 


n- 1 


n- 1 


S'p{2n,R)/Sp(n,C) 


C/(2n) 


Sp(n, C) 


n 


n 


5p(p,g)/5[/(p,g)-t/(l) 


Sp{p) X Sp{g) 


SU(p,q)-Uil) 


P 


p + q 


Sp(p,p)/SU''{2p)-U(l) 


Sp{:p) X 5p(p) 


Sp(p, C) 


p 


p 


Sp(p,p)/Sp(p,C) 


5p(p) X Sp{p) 


St/*(2p)-(7(l) 


p-1 


P 


Sp{p, q)/Sp(i,j) X Sp{p -i,q- j) 


5p(p) X Sp(q) 


■SpCp-^.j) 

xS'p{J,g- j) 


m\n{p-i,j} 
+min{j, g - j] 


inin{2,p — i} 
+mui{j,q- j} 


Sp(n, C)/SL{n, C) ■ SO{2, C) 


Sp(n) 


5p(n,R) 


n 


n 


S'p(n,C)/5p(n,R) 


Sp(n) 


SL{n,C)-SO{2,C) 


n 


n 


Sp{n, C)/Sp(p, C) X ^^{n - p, C) 
(P<f) 


Spin) 


Sp{p, n-p) 


P 


P 


S'p(n,C)/Sp(p,n-p) 
(P<t) 


Sp{n) 


Sp(p, C) 
xSp{n - p,C) 


n 


P 



Table 3. 
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G/H 


K 


L 


cohom/f 


cohomi 


El/Sp{A,-R) 


5p{4)/{±l} 


5L(6,R) X 5L(2,R) 


6 


4 


£|/5L(6,R) xSL(2,R) 


5p(4)/{±l} 


5p(4,R) 


4 


4 


Et/Sv{2, 2) 


5p{4)/{±l} 


50o(5,5)-R 


6 


2 


E|/50o(5,5)-R 


5p{4)/{±l} 


5p(2,2) 


2 


2 


B|/St/*(6)- 5(7(2) 


5p{4)/{±l} 


Ei 


4 


1 


El/Ft 


Sp(4)/{±1} 


5{7*(6)- 5(7(2) 


2 


1 


Ei/Spil,3) 


S(7{6) ■ SU{2) 


Ei 


4 


2 


Ei/Fi 


SV{&) ■ SU{2) 


5p(l,3) 


1 


2 


E^/Sp(4,R) 


SU{6) ■ SU{2) 


5p(4, R) 


4 


2 


El/SU{2,A)-SU{2) 


5(7(6) ■ SU{2) 


50o(4,6)-{/(l) 


4 


2 


£;|/50o(4, 6) ■[/(!) 


5(7(6) ■ SU{2) 


5(7(2,4) -5(7(2) 


2 


2 


B|/S'(7(3,3)-5L(2,R) 


5(7(6) ■ SU{2) 


5(7(3, 3) ■ 5L(2, R) 


4 


4 


El/SO'{W)-U(l) 


5(7(6) ■ 5(7(2) 


5O*(10)-(7(l) 


2 


2 


Bg-"/5p(2,2) 


5pm(10) • (7(1) 


5p(2,2) 


2 


6 


S6-"/Sl/(2,4)-5(7{2) 


5pjn(10) • f7(l) 


5(7(2,4) -5(7(2) 


2 


4 


E^"/5(7{1,5)-5L(2,R) 


Spin{10) ■ (7(1) 


5O*(10)-(7(l) 


2 


2 


Ee-"/SO*{10)-t/(l) 


5pjn(10) • {7(1) 


5(7(1, 5) - 5L(2, R) 


2 


2 


Be-"/SOo(2,8)-f/(l) 


5pjn(10) ■ f7(l) 


50o(2,8)-(7(l) 


2 


2 


i^6-"/^4-"' 


5pm(10) • {7(1) 


F,--' 


1 


2 


B6-2V5p(l,3) 


F4 


5{7*(6)- 5(7(2) 


2 


4 


£g-26/5(7*(6).5t/(2) 


F4 


5p(l,3) 


1 


4 


B6"'V'S'Oi,(l,9)-l/(l) 


Fa 


F,-''" 


1 


1 


p-26 /p-20 
■^6 /-P4 


Fa 


50o(l,9)-(/(l) 


2 


1 


^e/^l 


E(i 


5p(4, C) 


4 


6 


El/Sp(A,C) 


Ee 


^1 


6 


6 


Et/El 


E(i 


5L(6, C)-5L(2,C) 


6 


4 


B|/5L(6,C)-SL(2,C) 


Ee> 


Ei 


4 


4 


El/i^e"'' 


Ee 


50(10, C)-5p(l) 


6 


2 


S|/5O(10,C).Sp{l) 


Ee 


p-14 


2 


2 


Et/F^ 


Ee 


Ee'' 


2 


2 


EllE^''^ 


Ee 


^4° 


4 


2 



Table 4. 
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G/H 


X 


L 


cohom/f 


cohoriiL 


EySL(&,-R.) 


5C/(8)/{±l} 


5L(8,R) 


7 


7 


EysU*{S) 


5C/(8)/{±l} 


Et ■ U{1) 


7 


3 


El^lEl ■ 1/(1) 


5C/(8)/{±l} 


SU*{8) 


3 


3 


£;J/5C/{4,4) 


5C/(8)/{±l} 


50o(6,6)-5L(2,R) 


7 


4 


£;J/50o(6,6)-SL{2,R) 


5C/(8)/{±l} 


5(7(4,4) 


4 


4 


E^ SO* (12) ■SUi2) 


5C/(8)/{±l} 


Ei ■ (7(1) 


4 


2 


E^El ■ U{1) 


5C/(8)/{±l} 


50*(12)- 5(7(2) 


3 


2 


El^-'/SUi'i, 4) 


50'(12) •5t/(2) 


5(7(4,4) 


4 


7 


E:f^/SU{2,6) 


50'(12) ■5t/(2) 


Ei ■ U(l) 


4 


3 


Er'/Ei ■ Uil) 


SO'(12)-SU{2) 


5(7(2,6) 


2 


3 


£;f^/50*(12)-SL(2,R) 


50'(12) ■ 5{/(2) 


50*(12)-5L(2,R) 


4 


4 


£;f^/50o(4,8)-SC/(2) 


50' (12) -5(7(2) 


50o(4,8) -5(7(2) 


4 


4 


Bf V^e"" ■ ^(1) 


50'(12) ■ 5(7(2) 


Eg-" . C/(l) 


2 


3 


£;f^^/Sl/*(8) 


i?6 ■ U{1) 


5(7* (8) 


3 


7 


Ef 2V'S'C/(2, 6) 


Ee ■ (7(1) 


50*(12)- 5(7(2) 


3 


5 


Ef25/50*(12)- 5(7(2) 


£^6 ■ (7(1) 


5(7(2,6) 


2 


5 


Bf 25/50^(2, 10) •SL(2,R) 


^6 • (7(1) 


E-14 ■ Uil) 


2 


2 


Ef 25/^-14 . ^(1) 


E6 ■ (7(1) 


50o(2, 10)-5L(2,R) 


3 


2 


i?f 25/^-26 . ^(1) 


^6 ■ (7(1) 


Eg-^e . c/(l) 


2 


3 


s?/sj 


i?7 


5L(8,C) 


7 


7 


EySL(8,C) 


-Bt 


E'r 


7 


7 


E-/Ey> 


£^7 


50(12,C)-5L(2,C) 


7 


4 


EyS0{12,C)-SL(2,C) 


-Bt 


_Bf^ 


4 


4 


E^E^^^ 


E7 


B| ■ C* 


7 


3 


E^El ■ C* 


E7 


Ef^s 


3 


3 


£;|/50*(16) 


50'(16) 


£;f ■5L(2,R) 


4 


4 


B|/£;J-5L(2,R) 


50'(16) 


50*(16) 


4 


4 


£;|/50o(8,8) 


50'(16) 


50o(8,8) 


8 


8 


S|/Ef 5 • 5p(l) 


50'(16) 


Er" ■ 5p(l) 


4 


4 


Bg-24/so*(16) 


Er ■ Sp{l) 


50*(16) 


4 


8 


^8-24/50^(4^ 12) 


E? ■ Sp{l) 


Er'' ■ 5p(l) 


4 


4 


E^-^^E^' ■ Sp(l) 


Er ■ Sp(l) 


50o(4,12) 


4 


4 


_Bg-24/^-25.5j^(2,R) 


E? ■ Sp{l) 


Ef^s .5i(2,R) 


4 


4 


-^IZ-^s 


Es 


50(16,C) 


8 


8 


£;|/SO(16, C) 


Es 


i^l 


8 


8 


■^s/-^8 


Es 


S^ X 5L(2, C) 


8 


4 


£;|/£? X SL{2, C) 


Es 


Es'' 


4 


4 
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G/H 


K 


L 


cohomx 


cohom^ 


Ft/Sp{l,2)-Sv{l) 


Sp{3) ■ Sp{l) 


SOo(4,5) 


4 


1 


F4/5'Oo(4,5) 


Spi3) ■ 5p(l) 


Sp(l,2).Sp{l) 


1 


1 


F|/Sp(3, R) • 5L(2, R) 


Sp{3) ■ Sp{l) 


Sp(3, R) • SL(2, R) 


4 


4 


F4-20/Sp(l,2).Sp(l) 


Spin (9) 


SOo(l,8) 


1 


1 


F-20/50o(i,8) 


Spin (9) 


Sp{l,2).Sp{l) 


1 


1 


F^/Ft 


F4 


Sp(3, C) ■ SL(2, C) 


4 


4 


F^/Spi3, C) • 5L(2, C) 


Fa 


Ft 


4 


4 


Ff/F4-2" 


Fa 


SO(9,C) 


4 


1 


Ff /SO{9,C) 


Fa 


F,--' 


1 


1 


G|/SL(2,R) X 5L(2,R) 


SO(i) 


a(SO(4)) 


2 


2 


Gi/Q(SO{4)) 


SO(i) 


SL(2,R) X SL(2,R) 


2 


2 


G^Gi 


G2 


SL(2, C) X SL(2,C) 


2 


2 


G§/SL(2,C)x SL(2,C) 


G2 


^2 


2 


2 



Table 6. 
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